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Exact soliton solutions of a modified Landau-Lifshitz equation for the magneti-
zation of conducting ferromagnet in the presence of a spin-polarized current are
obtained by means of inverse scattering transformation. From the analytical solu-
tion effects of spin-current on the frequency, wave number, and dispersion law of spin
wave are investigated. The one-soliton solution indicates obviously current-driven
precession and periodic shape-variation as well. The inelastic collision of solitons by
which we mean the shape change before and after collision appears due to the spin
current. We, moreover, show that complete inelastic collisions can be achieved by
adjusting spectrum and current parameters. This may lead to a potential technique
for shape control of spin wave.
PACS numbers: 75.70.Cn, 05.45.Yv, 75.60.Jk, 72.25.Ba
Considerable attention has been paid to the dynamics of magnetization associated with
spin-polarized current in layered materials and in Mn oxides recently. Both theoretical and
experimental investigations mainly concentrated on large magnetoresistance are of funda-
mental importance in the understanding of magnetism and applied interest in the fabrication
of magnetic devices. Spin-transfer from spin-polarized current to magnetization of conduct-
ing ferromagnetic films is one of intriguing features which is theoretically proposed in Ref.
[1, 2] and subsequently verified[4, 5] in experiment. Many studies[6, 7, 8, 9, 10] on this
phenomenon have been followed since the spin-transfer mechanism was first explained con-
ceptually. However, the dynamics of magnetization in the presence of spin current has not
been well understood. In Ref. [5] a continuum equation for the magnetization of conducting
ferromagnet in the presence of spin-polarized current is derived and is seen to be a modified
2Landau-Lifshitz equation with an additional topological term. The spatial dependence of
the magnetization is evaluated [5] and several solutions of one-dimension are also discussed.
We in this paper study the soliton solution of the modified Landau-Lifshitz equation given in
Ref. [5] from which the current induced precession of the magnetization and soliton-soliton
collisions are investigated. The effect of spin-current on the dynamics of magnetization is
demonstrated explicitly. We obtain exact soliton solutions by means of inverse scattering
transformation in one-dimensional geometry. An intriguing feature is that inelastic colli-
sions generally appear due to the spin-polarized current and the complete inelastic collisions
which may lead to a interesting technique of soliton filter and switch can be achieved in
special cases by adjusting of the parameters of spin-polarized current.
Following Ref. [5] we consider a current propagating through conducting ferromagnet
and assume that the conducting electrons interact only with the local magnetization M. A
continuum equation for the magnetization is obtained in the local magnetization frame as a
Landau-Lifschitz type[5],
∂
∂t
M = M× J˜Mzz − γMz, (1)
where M(z, t) = (Mx(z, t), My(z, t), Mz(z, t)) is the local magnetization and J˜ = gµBM
~
J
with J being the exchange interacting constant between the local magnets. The parameter
γ describes effect of the current which is the same as defined in Ref. [5]. The length of
magnetization vector is set to unit , M2 (z, t) = 1, for the sake of simplicity. We begin
with the inverse scattering transformation which is a useful method to solve the nonlinear
equation (1). By means of Ablowitz-Kaup-Newell-Segur method one can construct Lax
equations for the Eq. (1) as
∂
∂z
Ψ (z, t, λ) = U1 (λ) Ψ (z, t, λ) ,
∂
∂t
Ψ (z, t, λ) = U2 (λ) Ψ(z, t, λ), (2)
where λ is a spectrum parameter, Ψ (z, t, λ) is eigenfunction corresponding to the spectrum
λ. The operators U1 (λ) and U2 (λ) are given in the following form
U1 = −iJ˜ (λ− λ0) (M · σ) ,
U2 = i2J˜
3
(
λ2 − λ20
)
(M · σ)
−J˜2 (λ− λ0) (M · σ) (Mz · σ) , (3)
3where the real parameter λ0 = γ(4J˜
2)−1 indicates the effect of the current and σ is Pauli
matrix. Thus Eq. (1) can be recovered from the compatibility condition ∂
∂t
U1 −
∂
∂z
U2 +
[U1, U2] = 0. We consider the following natural boundary condition at initial time(t = 0),
M (z) ≡ (Mx,My,Mz) → (0, 0, 1) as |z| → ∞. We then have the asymptotic form of Eq.
(2) at |z| → ∞,
∂zE(z, λ) = L0(λ)E(z, λ), (4)
where
E(z, λ) = e−iJ˜(λ−λ0)zσ3 , L0(λ) = −iJ˜ (λ− λ0)σ3, (5)
Based on the Lax equations (2), we can derive the exact solution of N -soliton trains by
employing of the inverse scattering transformation[11, 12]. As a special case that N = 1 the
exact one-soliton solution is given as follows:
Mx =
1
∆1
[−2 (α1 − λ0) β1 sin (Φ1 − φ1) coshΘ1
− 2β21 cos (Φ1 − φ1) sinhΘ1 ] ,
My =
1
∆1
[2 (α1 − λ0)β1 cos (Φ1 − φ1) coshΘ1
−2β21 sin (Φ1 − φ1) sinhΘ1
]
,
Mz = 1−
2β21
∆1
, (6)
where
∆1 = |λ1 − λ0|
2 cosh2Θ1,
Θ1 = 2J˜β1(z − V1,M t)− z1,
Φ1 = 2J˜ (α1 − λ0) z − 4J˜
3
[
α21 − β
2
1 − λ
2
0
]
t− φ1.
Parameter V1,M = 4J˜
2α1 denotes the velocity of envelope, z1 = ln[(2J˜β1)
−1c1] is the center
position, and φ1 = arg
[
J˜ (λ1 − λ0)
]
is the initial phase of the spin wave. The parameter
λ1 = α1+ iβ1 denotes eigenvalue with α1, β1 being the real and imaginary parts respectively,
and c1 is a real constant of integration. The solution Eq. (6) describes a current-driven
precession of magnetization with periodic shape variation. The center of solitary wave
moves with velocity V1,M , while the wave amplitude and width vary periodically with time.
We see that the spin-polarized current imparts a torque to the magnetization due to local
exchange interaction between electron-spin and the magnetic moment. This observation is
4in accord with the prediction in Ref.[1, 2, 3, 5, 9]. As a consequence of reaction the current
flow is strongly affected by the orientation of the magnetic moments. Thus a higher electrical
resistance in magnetic layer may occur. The spin-polarized current can be used to adjust
the precession of magnetic moment and the wave shape as well. We then provide in principle
a mechanism of current-control of the spin wave.
To see closely the physical significance of one-soliton solution it is helpful to show the
parameter-dependence of Euler angles of the magnetization vector which in a spherical
coordinate is written as M (z, t) ≡ (sin θ cosϕ, sin θ sinϕ, cos θ). From the Eq. (6) we find
cos θ = 1−
AM
cosh2
[
̥
−1
1 (z − V1,Mt)− z1
] , (7)
ϕ =
pi
2
− φ1 + k1z − Ω1t+ arctan
(
β1
α1 − λ0
tanhΘ1
)
, (8)
where AM =
2β2
1
|λ1−λ0|2
, ̥1 =
1
2J˜β1
are amplitude and width of the soliton respectively. The
wave number is k1 = k0−kS with k0 = 2J˜α1 denoting the wave number in the absence of the
current while kS = 2J˜λ0 is the wave number shift induced by the spin-polarized current. The
frequency of magnetization precession is seen to be Ω1 = Ω0 − ΩS with Ω0 = 4J˜
3 (α21 − β
2
1)
being the frequency in the absence of current and ΩS = 4J˜
3λ20 the frequency shift induced
by spin-polarized current. We see that the effect of current reduces both the wave number
and frequency. For a large enough current such that λ20 > α
2
1 − β
2
1 an instability occurs [5].
We can rewrite the frequency, i.e. the energy spectrum as
Ω1 = J˜k1 (k1 + 2kS)− 4J˜
3β21 . (9)
We then see that in the absence of current the minimum of the energy spectrum i.e. Ω0,min =
0 is located at k0,min =
√
4J˜2β21 while the current shifts the position of minimum by an
amount δ =
√
k2S + 4J˜
2β21 − (kS +
√
4J˜2β21). In the absence of spin-polarized current, i.e.
λ0 = 0, the solution Eqs. (7) (8) reduces to the soliton solution in an isotropic spin chain
[13].
In the limit case that the amplitude AM approaches zero, namely β1 → 0, the soliton
width ̥1 diverges, the envelope velocity V1,M attains its maximum value 2
√
J˜Ω0, and the
solution shown in Eq. (7) and Eq. (8) takes the form such that
Mz → 1, ϕ→
pi
2
− φ1 + k1z − Ω1t
5indicating a small linear solution of magnon. In this case the quadratic dispersion law is
seen to be Ω1 = J˜ (k
2
0 − k
2
S) = J˜k1 (k1 + 2kS). We also notice that the phase velocity of
the precession is Ω1
k1
=
V1,M
2
+ VS
2
which possesses a correction value VS
2
which is the half of
envelope velocity. Whereas the group velocity of precession dΩ1
dk1
= V1,M coincides with the
envelope velocity.
We now consider another special case of the general N -soliton trains, i.e., the two-soliton
solution which is seen to be
Mx = Re [−i2Γ2(1− iΓ1)] ,
My = Im [i2Γ2(1− iΓ1)] ,
Mz = |1− iΓ1|
2 − |Γ2|
2
, (10)
where
Γ1 =
1
W
[(g1 − g3) g6 + (g2 − g4) g5] ,
Γ2 =
1
W
[−(g1 − g3)g8 − (g2 − g4)g7] ,
with
g1 = 1 + |q1|
2 + χ1χ2q1q2,
g2 = 1 + |q2|
2 + χ1χ2q1q2,
g3 = χ1 |q1|
2 + χ1q1q2,
g4 = χ2 |q2|
2 + χ2q1q2,
g5 = −ξ1 |q1|
2 − χ1ξ2q1q2,
g6 = −ξ2 |q2|
2 − χ2ξ1q1q2,
g7 = −ξ1q1,
g8 = −ξ2q2,
6χ1 =
2β1 (λ1 − λ0)
−i
(
λ1 − λ2
)
|λ1 − λ0|
,
χ2 =
2β2 (λ2 − λ0)
−i
(
λ2 − λ1
)
|λ2 − λ0|
,
W = g1g2 − g3g4,
qj = e
−Θj+iΦj ,
ξj = 2βj |λj − λ0|
−1
,
and
Θj = 2J˜βj(z − Vj,Mt)− zj ,
Φj = kjz − Ωjt− φj, (11)
where Vj,M = 4J˜
2αj denotes the velocity of envelope , zj = ln[(2J˜βj)
−1cj] the center position,
φj = arg
[
J˜ (λj − λ0)
]
the initial phase, kj = 2J˜ (αj − λ0) the wave number, and Ωj =
4J˜3
[
α2j − β
2
j − λ
2
0
]
is frequency. The parameter λj = αj + iβj is eigenvalue parameter, and
cj is real constant of integration, j = 1, 2. The solutions (10) describe in general a inelastic
scattering process of two solitary waves with different center velocities and different shape-
variation frequencies. Before collision, the two solitons move towards each other, one with
velocity V1 and shape variation frequency Ω1, the other with V2 and Ω2 respectively. The
interaction potential between two solitons is a complicated function of current-dependent
parameter λ0 and eigenvalue λj . For the case that αj = βj , the shape-variation frequencies
Ωj(j = 1, 2) of two-soliton depend only on the parameters of spin-polarized current seen from
Eq. (11). In the case of λ0 = 0, the solutions (10) reduce to that of the usual two-soliton
solution with two center velocities while without shape change [13]. A interesting process
in the absence of spin-polarized current is that the collision can result in the interchange
of amplitude Aj and phase Φj(j = 1, 2) like exactly in the case of elastic collision of two
particles [13].
It is interesting to show the inelastic collision graphically. The head on collision is ex-
plained in Fig. 1 and Fig. 2 for suppressed amplitudes of M1 and M2 respectively after
collision. This result shows that we may adjust the incoming spin current and the spec-
tral parameters to control the shape of soliton of the magnetization. The dissipationless
quantum spin current at room temperature reported in Ref. [10] may be used to real-
ize experimentally the soliton-control in future. Our theoretical observations predict the
7magnetic random-access memories in which the memory elements are controlled by local
exchange-effect forces induced by spin-polaried current rather than by long-range magnetic
fields.
In terms of inverse scattering transformation the exact soliton solutions for the magneti-
zation in conducting ferromagnet in the presence of a spin-polarized current are obtained.
Our solutions predict two intrinsic features of the effect of spin-polarized current on the
magnetization: (1) Spin-polarized current induces the precession and shape variation of the
solitary waves of magnetization. (2) The inelastic collision of solitons. The effect of spin-
polarized current on the magnetization is similar to that of the periodically time-varying
external magnetic fields reported earlier [11] and is in agreement with the observations in
Refs. [1, 2, 3, 5, 9].
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8Figure caption
Fig. 1 Inelastic head on collision expressed by Eq. (10) when M1 suppressed, where
λ1 = −0.4− i0.3, λ2 = 0.5 + i0.45, J˜ = 0.9, c1 = −0.55, c2 = 3.8, λ0 = 0.2.
Fig. 2 Inelastic head on collision expressed by Eq. (10) when M2 suppressed, where
λ1 = −0.45 + i0.3, λ2 = 0.52− i0.47, J˜ = 0.9, c1 = 0.55, c2 = −3.8, λ0 = 0.2.
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